Underlay in-band device-to-device (D2D) communication can improve the spectrum efficiency of cellular networks. However, the coexistence of D2D and cellular users causes severe inter-cell and intracell interference. The former can be effectively managed through inter-cell interference coordination. In this paper, we propose a D2D mode selection scheme to deal with intra-cell interference inside a finite cellular network region. The potential D2D users are controlled by the base station (BS) to operate in D2D mode based on the average interference generated to the BS. Using stochastic geometry, we present a tractable framework to study the outage probability experienced at the BS and a typical D2D receiver, and the spectrum reuse ratio, which is defined as the average fraction of D2D users that can successfully transmit. The analysis shows that the outage probability at the D2D receiver varies for different locations. Additionally, without impairing the performance at the BS, if the path-loss exponent on the D2D link is higher than that on the cellular link, the spectrum reuse ratio is almost constant while the D2D users' average number of successful transmissions increases with increasing D2D node density. This indicates that an increasing level of D2D communication can be beneficial in future networks.
has the minimum required received power which is known as the receiver sensitivity). The outage probability at the D2D user highlights the location-dependent performance in a finite region.
• Based on the derived outage probability at the D2D user, we propose and analyze two metrics to evaluate the overall quality of underlay D2D communication, namely the average number of successful D2D transmissions, which is the average number of successful transmissions for underlay D2D users over the finite network region, and the spectrum reuse ratio which is defined as the average fraction of underlay D2D users that can transmit successfully in the finite region. Using the derived analytical expressions, which are summarized in Propositions 1-5, we investigate the effects of the main D2D system parameters on these two metrics under the constraint of achieving certain QoS at the BS.
• Our numerical results show that when the D2D receiver sensitivity is not too small compared to the receiver sensitivity of BS, the average number of successful D2D transmissions over the finite network area increases, while the spectrum reuse ratio decreases with increasing D2D user's node density. However, if the path-loss exponent on the D2D link is higher than the path-loss exponent on the cellular link, then the spectrum reuse ratio does not degrade with the increase of node density and is almost constant. This is important since an increasing an increasing level of D2D usage is expected in future networks and our numerical results help to identify scenarios where increasing D2D node density is beneficial to underlay D2D communications, without compromising on the cellular user's performance.
D. Paper organization and notations
The remainder of this paper is organized as follows. Section II describes the network model and assumptions, including the mode selection scheme. Section III presents the analytical results for the outage probability at BS and a typical D2D receiver. Section IV proposes and derives two metrics to assess the overall quality of underlay D2D communication in a finite region.
Section V presents the numerical and simulation results, and uses the numerical results to obtain design guidelines. Finally, Section VI concludes the paper.
The following notation is used in the paper. Pr(·) indicates the probability measure. |·| denotes the area of a certain network region and abs(·) is the absolute value. i is the imaginary number and Im{·} denotes the imaginary part of a complex-valued number. acos(·) is the inverse cosine function. Γ[·] is the Gamma function, while 2 F 1 [·, ·; ·; ·] and MeijerG [{·}, ·] represent the ordinary hypergeometric function and the Meijer G-function, respectively [25] . Furthermore, given f (x) 
II. SYSTEM MODEL
Consider a single cellular network that employs the orthogonal frequency-division multiple scheme with a center-located base station. The region of cell A is assumed to be a finite disk with radius R and area |A| = πR 2 . We assume that the inter-cell interference is effectively managed with ICIC mechanism, based on resource scheduling. Hence, the inter-cell interference is not considered in this paper. This assumption has been widely used in the literature, e.g., see [7] , [9] , [11] , [12] , [18] - [22] . We also restrict our analysis to one uplink channel because the other channels occupied by CUEs share similar interference statistics [13] - [16] , [21] . For analytical convenience, we assume that there is one cellular uplink user (CUE), whose location follows a uniform distribution inside the entire cellular region (i.e., from 0 to R). Let z denote both the location of the CUE and the cellular user itself.
To improve the spectral efficiency of the frequency band occupied by the CUE, its uplink channel is also utilized for D2D communication. Note that D2D communication may also reuse downlink resources, but uplink is preferred in terms of interference in practical systems as it is less congested [5] . We further assume there are multiple potential D2D users (p-DUEs) that are randomly distributed in the entire cellular region A. Note that the distributions of CUE and p-DUE are assumed to be independent. For each p-DUE, there is an intended receiver (DRx) which is uniformly distributed within this p-DUE's proximity (e.g., πR 2 D ) 1 , hence, the distance distribution for the potential D2D link,
. Let x k denote both the location of the k-th p-DUE and the user itself, and y k denote both the location of the k-th DRx and the receiver itself. For analytical convenience, we further assume that the location of p-DUE follows the Poisson Point Process, denoted as Φ, with constant density λ. Thus, based on the displacement property of PPP [26, eq. (2.9)], the location of DRxs also follows a PPP, denoted as Φ DRx , with density λ DRx . 1 In reality, the intended DRx should also be confined in the network region A (i.e., a disk region with radius R). However, for p-DUE nears cell-edge, this would mean that the DRx is no longer uniformly distributed in a disk region. For analytical tractability, we still assume that DRx is uniformly distributed in a disk region, regardless of the p-DUE's location, i.e., we assume that the DRx is confined in a disk region of radius R + RD. The accuracy of this approximation will be validated in the results section.
We consider the path-loss plus block fading channel model. In this way, the received power at a receiver (Rx) is P t gr −α , where P t is the transmit power of the transmitter, g denotes the fading power gain on the link that is assumed to be independently and identically distributed (i.i.d.), r is the distance between the transmitter and receiver, and α is the path-loss exponent.
Additionally, as we consider the uplink transmission, power control is necessary; we employ the full channel inversion for uplink power control [13] , [14] . Hence, the transmit power for the CUE and the p-DUE using D2D link are ρ BS r α C z and ρ D r α D d , respectively, where r z is the distance between CUE and BS, ρ BS and ρ D are the minimum required power at BS and DRx (also known as the receiver sensitivity), and α C and α D are path-loss exponents on cellular link and D2D link, respectively.
The mode selection scheme determines whether each potential D2D user acts in underlay D2D mode (i.e., direct communication via the D2D link in underlay paradigm) or the other transmission mode. In this paper, as motivated by [23] , [24] , we consider that the mode selection for each p-DUE is determined by its average interference generated to the BS. For example, if
for the k-th p-DUE is larger than the threshold ξ, where r d k is the distance between this p-DUE and BS, then, this user is forced by the BS to operate in the other transmission mode. The other transmission mode can be the cellular mode, where traffic is relayed through the base station in the traditional way, overlay D2D mode where the dedicated spectrum that is not occupied by cellular user is used, or the silent mode where no transmission happens [27] - [29] . The focus of this paper is on potential D2D users in underlay in-band D2D mode (referred to as DUEs which follow a certain point process Φ DUE ); the analysis of the other transmission mode is outside the scope of this work. Also we assume that the BS is fully in control of the D2D communication and D2D device discovery, which ensures that the considered mode selection scheme is feasible [29] .
In the above set-up, intra-cell interference exists in the network because the considered spectrum band is shared between a CUE and DUEs. The aggregate interference received at the BS and at a certain DRx y j can then be expressed as
respectively, where 1(·) is the indicator function, |z − y j | and |x k − y j | denote the Euclidean distance between CUE and j-th DRx, k-th DUE and j-th DRx, respectively. g z , g BS k and g DRx k are the fading power gain on the interfering links, which are assumed to be the i.i.d. Rayleigh fading. In the following, we refer I κ agg to the aggregate interference at a typical Rx κ for notation simplicity.
Considering an interference limited system, we can write the signal-to-interference ratio at a typical Rx κ as
where g 0 is the fading power gain on the reference link between the typical transmitter-receiver pair, which is assumed to exprience Nakagami-m fading, ρ is the receiver sensitivity of the typical Rx (i.e., ρ = ρ BS when BS is the typical Rx and ρ = ρ D if DRx is the typical Rx) 2 .
III. OUTAGE PROBABILITY ANALYSIS
To evaluate the network performance, we first consider and compute the outage probability experienced at a typical receiver.
A. Mathematical framework
Our considered the outage probability for a typical Rx at a given location is averaged over the fading power gain and the possible locations of all interfering users. Mathematically, the outage probability at a typical Rx can be written as
2 According to (1b), when the typical Rx is a DRx, the SIR relies on the location of DRx yj. Hence, the SIR at yj should be expressed as SIR DRx (xj, yj). But in this paper, we will sometimes ignore xj and yj, and refer it simply as SIR DRx . This notation is also adopted for the outage probability at yj, where the full notation would be P κ out (γ, yj).
where E I κ agg ,g 0 {·} is the expectation operator with respect to I κ agg and g 0 . We leverage the reference link power gain-based framework [30] to work out the outage probability. For the case that the reference link suffers from the Nakagami-m fading with integer m, the outage expression in (3) can be rewritten as (see proof in Appendix A)
where M I κ agg (s) = E I κ agg exp(−sI κ agg ) is the moment generating function (MGF) of I κ agg . Generally, the link between a DUE and its corresponding DRx is more likely to experience line-of-sight fading (e.g., the Rician fading). However, the evaluation of outage probability for the Rician fading scenario is complicated since it requires the summation over infinite terms.
The Nakagami-m fading, which requires finite term summation, is relatively simple and can approximate the Rician fading [31] . Hence, it is adopted in this paper.
A shown in (4), the computation of outage probability requires the MGF results for the aggregate interference at the typical Rx, which will be presented in the following.
B. MGF of the aggregate interference at the BS
The aggregate interference at the BS is generally in the form of
where I BS k is the interference from the k-th p-DUE. Note that I BS k = 0 if k-th p-DUE is in the other transmission mode. Due to the independently and uniformly distributed (i.u.d.) property of p-DUEs and the i.i.d. property of the fading channels, the interference from a p-DUE is also i.i.d.. In the following, we drop the index k in r c k , r d k , g k and I BS k . As such, the aggregate interference can be written as I BS M , where M is the number of p-DUEs following the Poisson distribution with density λ(|A|). Based on the MGF's definition (stated below (4)), the MGF of I BS agg is given by
where M I BS (s) denotes the MGF of the interference at the BS from a p-DUE, which is presented as follows.
Proposition 1. For the underlay in-band D2D communication with the considered mode selection scheme in a disk-shaped cellular network region, following the system model in Section II, the MGF of the interference from an i.u.d. p-DUE received at the BS can be expressed as
and ξ is the mode selection threshold.
Proof: See Appendix B.
Note that the result in (6) is expressed in terms of the ordinary hypergeometric function and the MeijerG function, which are readily available in standard mathematical packages such as Mathematica.
C. MGF of the aggregate interference at a typical DRx
The point process of DUEs Φ DUE is in fact an independent thinning process of the underlaying PPP Φ, which is also a PPP with a certain density [26] . Similarly, in terms of the location of underlay DRxs (i.e., whose corresponding p-DUE is in underlay D2D mode), it is also a PPP Φ DRx u , which is an independent thinning process of DRxs Φ DRx . For analytical convenience, we condition on an underlay DRx y , which is located at a distance d away from the BS, and its corresponding DUE is denoted as x . Because of the isotropic network region and PPP's rotation-invariant property, the outage probability derived at y is the same for those underlay DRxs whose distance to BS is d. Then, according to the Slivnyak's Theorem, we can have the MGF of the aggregate interference received at y as
where I DRx
is the MGF of the interference from a p-DUE.
The results for these two MGFs are presented as follows.
Proposition 2. For the underlay in-band D2D communication with the considered mode selection scheme in a disk-shaped cellular network region, following the system model in Section II, with the path-loss exponent α C = α D = 2 or 4, the MGF of the interference from an i.u.d. p-DUE received at a DRx, which is a distance d away from the BS can be given as
where Ψ 1 (x, ·, ·, ·) is given in (25) . Note that for other α C values, the semi-closed-form of
Proof: See Appendix C.
Corollary 1. For the underlay in-band D2D communication with the considered mode selection scheme in a disk-shaped cellular network region, following the system model in Section II, with the path-loss exponent α C = α D = 2 or 4, the MGF of the interference from an i.u.d. cellular user received at a DRx, which is distance d away from the BS, can be given as
Note that although (8) and (9) contain terms with the imaginary number, the MGF results are still real because of the Im(·) function.
IV. D2D COMMUNICATION PERFORMANCE ANALYSIS
Generally, the outage probability reflects the performance at a typical user. In order to characterize the overall network performance, especially when the users are confined in a finite region, metrics other than the outage probability need to be considered. In this section, we consider two metrics: average number of successful D2D transmissions and spectrum reuse ratio. Their definitions and formulations are presented below.
A. Average number of successful D2D transmissions 1) Mathematical framework: In this paper, the average number of successful D2D transmissions is defined as the average number of underlay D2D users that can transmit successfully over the network region A. Therein, the successful transmission is defined as the event that the SIR at a DRx is greater than the threshold γ. For the considered scenario, we obtain the expression of the average number of success transmissions in the following. 
where p D2D (d) is the probability that p-DUE is in D2D mode given its corresponding DRx's distance to BS is d, λ DRx (d) is the node density of DRxs, and P DRx out (γ, d) is outage probability at the corresponding DRx.
Proof: See Appendix E.
According to Proposition 3, the average number of successful D2D transmissions is determined by the outage probability experienced at the underlay DRxs, the density function of DRx, and the probability that the DRx is an underlay DRx. The outage probability has been derived in Section III. In this section, we present the results for the remaining two factors, which will then allow the computation of average number of successful D2D transmissions using (10) .
2) Density function of DRxs:
Before showing the exact density function, we define one lemma as follows.
Lemma 1. For two disk regions with radii r 1 and r 2 , respectively, which are separated by distance d, their overlap region is given by [32] , [33] ψ(d, r 1 , r 2 ) = r 2 1 acos
Using Lemma 1, we can express the node density of DRxs as shown in the following proposition. 
where ψ(·, ·, ·) is defined in Lemma 1.
Proof: See Appendix F.
The node density result in (12) can in fact be applied to a broader class of networks adopting the bi-polar network model. To the best of our knowledge, this result for the node density of receivers for the bi-polar network model in a disk region has not been presented before in the literature.
3) Probability of being in D2D mode:
Proposition 5. For the underlay in-band D2D communication with the considered mode selection scheme in a disk-shaped cellular network region, following the system model in Section II, when the path-loss exponents for cellular link and D2D link are the same, the probability that a p-DUE is in underlay D2D mode given that its DRx's distance to BS is d, is given by
where
Under the different path-loss exponent scenario, this probability can be approximated by
where N is the parameter of a Gamma distribution which is used to formulate the approximation 3 .
Proof: See Appendix G.
B. Spectrum reuse ratio
Since we have employed the mode selection scheme, not all p-DUEs are in D2D mode. To evaluate the efficiency of our considered mode selection scheme, we propose a metric, namely the spectrum reuse ratio, which is defined as the average fraction of DUEs that can successfully transmit among all DUEs. Mathematically, spectrum reuse ratio is given by τ = average number of successful D2D transmissions average number of DUEs
whereM is given in (10) , andM D2D is the average number of DUEs, which can be obtained as
C. Summary
Summarizing, for the underlay in-band D2D communication with the considered mode selection scheme in a disk-shaped cellular network region, following the system model in Section II, we can calculate (i) the outage probability at BS by substituting (5) and (6) into (4), (ii) the conditional outage probability at a DRx by combining (7), (8) and (9) and substituting into (4), (iii) the average number of successful D2D transmissions by substituting the conditional outage probability at DRx, (12) and (13) (or (14)), into (10), and (iv) spectrum reuse ratio by finding the ratio of average number of successful D2D transmissions andM D2D in (16) . Note that the evaluation of the analytical results requires the differentiation and integration of the MGFs, which can be easily implemented using any standard mathematical package such as Mathematica.
V. RESULTS
In this section, we present the numerical results to study the impact of the D2D system parameters (i.e., the p-DUE's node density λ and the receiver sensitivity of DRx ρ D ) on the outage probability, the average number of successful D2D transmissions and spectrum reuse ratio. To validate our derived results, the simulation results are generated using MATLAB, which are averaged over 10 6 simulation runs. Note that in the simulations, all DRxs are confined in the region A. Unless specified otherwise, the values of the main system parameters shown in Table II are used. We assume a cell region radius of R = 500 m. For the path-loss exponents, measurements have shown that because of the antenna height difference, the path-loss exponent on the D2D link is in general higher than the path-loss exponent on the cellular link (e.g., [5] . Thus, we consider the following different path-loss exponent sets when generating 
A. Model validation
In this subsection, we illustrate the accuracy of our derived results. selection threshold ξ for different path-loss exponent sets, for R D = 10 m and R D = 50 m, respectively. The analytical curves in Fig. 2(a) are plotted using Proposition 1, i.e., substituting (5) and (6) into (4), while the curves in Fig. 2(b) are plotted using the combination of Propositions 2-5, and Corollary 1. From both figures, we can see that the analytical results match closely with the simulation results even when the mode selection threshold is small (i.e., probability of being DUE is small) or the radius of the p-DUE's transmission range is relatively large (i.e., 10% of the cell radius). This confirms the accuracy of our derived approximation results. In addition, as shown in Fig. 2 , both the outage probability at the BS and the average number of successful D2D transmissions increase as the mode selection threshold increases. This is because as mode selection threshold increases, more p-DUEs are allowed to be in underlay D2D mode which improves the average number of successful D2D transmissions. However, the increase in mode selection threshold degrades the outage performance at the BS since more interferers are involved. The general trends are that the outage probability firstly increases as the distance between DRx and BS increases and then decreases when the DRx is close to the cell-edge. These trends can be explained as follows. When the DRx is close to the BS, there are fewer number of p-DUEs that are in underlay D2D mode due to the mode selection scheme. Thus, interference is less and the outage probability is low. As the DRx gradually moves away from the BS, more interfering nodes are present and the outage probability increases. However, once the DRx is close to the cell-edge, the number of interfering DUEs decreases due to the boundary effect, and the outage probability decreases.
B. Outage probability at DRx: Location-dependent performance

C. Effects of D2D user's density
In this subsection, we investigate the effect of p-DUE's node density λ on the average number of successful D2D transmissions and spectrum reuse ratio (i.e., the average fraction of DUEs that can successfully transmit among all DUEs). Since both the outage probability at the BS and the average number of successful D2D transmissions are increasing functions of the mode selection threshold ξ, as shown in Fig. 2 , we have adopted the following method to investigate the effects of D2D user's density:
• Given a QoS at the BS, for each p-DUE's node density λ, the mode selection threshold ξ satisfying the QoS at BS can be found using Proposition 1;
• Using the mode selection threshold ξ that satisfies the QoS at BS, the average number of successful D2D transmissionsM can be calculated for each λ. This obtainedM value can be regarded as the maximum average number of successful underlay D2D transmission achieved by the system. We can then work out the corresponding spectrum reuse ratio. spectrum reuse ratio decreases. This trend can be explained as follows. When the node density is higher, the probability of being in D2D mode is reduced to maintain the QoS at the BS.
However, the overall node density is large which means that the number of DUEs is still large.
Thus, the average number of successful D2D transmissions, which is mainly affected by the number of DUEs under this scenario, increases when the node density of p-DUEs increases.
In contrast, lesser number of DUEs are likely to transmit successfully when the number of interfering DUEs is large, which leads to the decreasing trend of spectrum reuse ratio.
From Fig. 4(b) , we can see that when the receiver sensitivity of DRx is smaller than that of BS, it is possible that increasing p-DUE's node density beyond a certain limit can degrade the average number of successful D2D transmissions, especially when α D and α C are similar. This is due to the fact that the average number of successful D2D transmissions is determined by the number of DUEs and the outage probability at DRx. When ρ D is small, since there is a greater number of interfering DUEs nearby and the interference from CUE can be also severe when α D = α C , the outage probability at DRx is high. Thus,M first increases and then decreases.
From Figs. 4(c) and 4(d) , we can see that if α D is much higher than α C , the decreasing trend for spectrum reuse ratio is almost negligible. In other words, the spectrum reuse ratio can be regarded as almost a constant and it does not degrade with increasing node density of p-DUE 4 . Under such a case, increasing the p-DUE's node density is beneficial for underlay D2D communication.
D. Effects of D2D user's receiver sensitivity
In this subsection we examine the effect of DRx's receiver sensitivity ρ D on the average number of successful D2D transmissions and spectrum reuse ratio, adopting the same approach as explained in Section V-C. Fig. 5 plots the average number of successful D2D transmissions and related spectrum reuse ratio versus the DRx's receiver sensitivity with QoS constraint at the BS P BS out (γ) = 10 −2 , for different path-loss exponent sets and receiver sensitivity of BS ρ BS . From Figs. 5(a) and 5(b), we can see that, in general, as the receiver sensitivity decreases the average number of successful D2D transmissions increases at first and then decreases. These trends can be explained as follows. The average number of successful D2D transmissions is impacted by both the number of DUEs and the outage probability at DRxs. When ρ D is small, more p-DUEs are operating in D2D mode because their transmit power is small, so less interference is generated to the BS. Similarly, for the outage probability at DRx, although the total number of DUEs is large, the interference from surrounding DUEs is not severe due to the small receiver sensitivity. If we ignore the interference from CUE, the number of DUEs governs the network performance and the average number of successful D2D transmissions increases as the receiver sensitivity decreases. However, we cannot ignore the interference from CUE, especially when the value of α C is large (i.e., close to the value of α D ). Under such a scenario, when the value of ρ D is around ρ C . However, if α D is much higher than α C , then a smaller receiver sensitivity of DRx (e.g., much smaller than the receiver sensitivity of the BS) results in the maximumM . That is to say, as the value of α C decreases, the required receiver sensitivity of DRx to achieve the maximum average number of successful D2D transmissions becomes smaller.
Figs. 5(c) and 5(d) show that the spectrum reuse ratio generally decreases as the DRx's receiver sensitivity decreases. However, when the path-loss exponent on the D2D link is much higher than the path-loss exponent on the cellular link, then the decreases in the spectrum reuse ratio is the minimum for the different cases considered, which is again beneficial for underlay D2D communication.
VI. CONCLUSION
In this paper, we proposed a framework to analyze the performance of underlay in-band D2D communication inside a finite cellular region. We adopted a mode selection scheme for potential D2D users to manage the intra-cell interference experienced by the BS. Using stochastic geometry, we derived approximate yet accurate analytical results for the outage probability at the BS and a typical DRx, the average number of successful D2D transmissions and spectrum reuse ratio.
Our derived results showed that the outage probability relies strongly on the location of DRx.
They also allowed the impact of the D2D system parameters on both the average number of successful D2D transmissions and spectrum reuse ratio to be determined. For example, it is observed that, given the QoS constraint at the BS, as the D2D users node density increases, the average number of successful D2D transmissions increases and the spectrum reuse ratio decreases. However, when the path-loss exponent on the D2D link is higher than that on the cellular link, the decreasing trend for spectrum reuse ratio becomes negligible. This indicates that an increasing level of D2D communication can be beneficial in future networks and provides design guidelines in the practical communication systems with D2D communication.
APPENDIX A DERIVATION OF EQUATION (4): OUTAGE PROBABILITY
Rearranging (3), we have the outage probability as
where F g 0 (·) is the cumulative distribution function (CDF) of the fading power gain on the reference link. Since we assume Nakagami-m fading with integer m for the reference link, g 0 follows the Gamma distribution with mean 1 and shape parameter m, and its CDF is given by
. Hence, we can re-write (17) as 
Substituting (19) into (18), we have 
we can then express I BS as
Using the definition of MGF, we have
where the final result is obtained using [25] and Mathematica software.
APPENDIX C DERIVATION OF PROPOSITION 2: MGF OF THE INTERFERENCE FROM P-DUE
Proof: For a DRx located at distance d away from the BS, the interference from an i.u.d. p-DUE, I DRx , is similar to (21) 
where θ is the angle formed between the y -BS line and p-DUE-BS line, which is uniformly distributed between 0 and 2π (see Fig. 1 ).
According to the definition of MGF and after rearranging we have
Due to the complicated expression of I DRx , the closed-form results (or semi-closed form) exist only for the cases of α D = 2 or α D = 4.
• Case of α D = 2: Substituting α D = 2 into (23), we get
where the second and third steps come from (2.553) and (2.261) in [25] , respectively, and last step is obtained using Mathematica.
• Case of α D = 4: Similar to α D = 2 case, via substituting α D = 4 into (23) and using (2.553) and (2.261) in [25] , we have
where the third step comes from the fact that the two integrated terms in the second step are conjugated such that a−a * 2i = Im{a}. Thus, we arrive at the result in Proposition 2.
APPENDIX D DERIVATION OF COROLLARY 1: MGF OF THE INTERFERENCE FROM CUE
Proof: Since there is no constraint on the CUE, the i.u.d. CUE will always generate interference (e.g., I DRx
2 ) to this typical DRx. As before, we can only derive the analytical result for α D = 2 or 4.
• Case of α D = 2: According to the definition of MGF and the expression of I DRx C , we have
• Case of α D = 4: Similarly, substituting α D = 4 into (27a), we get
Note the step in (27c) and step in (28b) come from [25, (2.264) ].
APPENDIX E DERIVATION OF PROPOSITION 3: AVERAGE NUMBER OF SUCCESSFUL D2D
TRANSMISSIONS Proof: Using the definition in Section IV-A1, the average number of successful D2D
transmissions can be mathematically written as
As mentioned in Section III-C, the location of underlay DRxs (i.e., whose corresponding p-DUE is in underlay D2D mode) follows the PPP. According to the reduced Campbell measure [26] , we can rewrite (29) as
where Pr ! x (·) is the reduced Palm distribution, A DRx is the network region for DRxs (e.g., a disk region with radius R + R D ). The second step in (30) results from the Slivnyak's theorem and the fact that we interpret this reduced Campbell measure from the point view of DRx, while the last step in (30) is based on the isotropic property of the underlay network region and the independent thinning property of PPP.
APPENDIX F DERIVATION OF PROPOSITION 4: NODE DENSITY OF DRXS
Proof: Rather than considering that there is a DRx uniformly distributed around the p-DUE, we can consider that for each DRx, there is a p-DUE which is uniformly distributed inside the disk region formed around DRx. If the network region is infinite, the p-DUE's node density inside the region πR 2 D is λ. As a result, the node density for DRx is λ. However, since we are considering a finite region (i.e., a disk region), the p-DUE's node density is no longer λ at certain locations (e.g., the cell edge). Hence, the DRx's node density is not λ. Instead, the node density becomes λ According to the considered mode selection scheme, this DRx is in underlay if its corresponding p-DUE satisfies ρ D r α D d < ξr α C c . Due to the analytical complexity, we can only find the exact result for the same path-loss case, while an approximate result can be derived for different path-loss values.
A. Same path-loss exponent
Let us consider the case α C = α D α. Note that the maximum range for r d is R D , while the minimum range of r c is max (0, d − R D ). Assuming d > R D , if ρ D R α D is less than ξ (d − R D ) α (equivalently, d ≥ 1+ ρ D ξ 1 α R D ), the probability that a p-DUE is in D2D mode is 1. Because for any possible location of p-DUE in the disk region centered at DRx, the p-DUE's distance to the BS is always greater than R D (i.e., the p-DUE's maximum distance to its DRx). Consequently, for the case that d ≥ 1+ ρ D ξ 1 α R D , p D2D (d) is always 1.
Under the scenario that d < 1+ ρ D ξ 1 α R D , the analysis is more complicated. Let us consider the case of ξ > ρ D . The location of DRx is assumed to be at the origin and the BS is d away from the DRx. For example, the coordinate of BS is (d, 0), as shown in Fig. 7 . Let (x, y) denote the coordinate of p-DUE. This p-DUE is not in D2D mode if the following requirement is met, i.e., ρ D (x 2 + y 2 )
where ψ(·, ·, ·) is defined in (11) in Lemma 1.
Likewise, we can derive p D2D (d) for ξ ≤ ρ D using the same approach. Due to the space limitation, we do not present the derivation here.
B. Different path-loss exponent
We can directly write the probability of being in D2D mode as 
where (a) comes from the introduction of a dummy random variable h, which follows the Gamma distribution with parameter N , and the fact the normalized Gamma distribution converges to identity when its parameter goes to infinity [34] , and (b) comes from the approximation of a Gamma distribution [35] .
It is not easy to find the closed-form result for this probability. Instead, we consider an approximation, in which the distance between BS and p-DUE r c is approximated by the distance between BS and DRx d. Hence, by substituting r 2 d + d 2 − 2r d d cos(θ) by d in the above expression and using the Binomial theorem, we get
Thus, we obtain the probability of being in D2D mode in Proposition 5.
